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We present a quantitative theory and experiments for the expansion dynamics of domains in stratifying foam
films. Foam films containing micelles, colloidal particles or polymer-surfactant complexes often form layered
structures and thin in a stepwise fashion: circular domains of lower thickness are formed and expand following
a R�t�� t1/2 law. In the present paper the film is modeled by an incompressible three-dimensional fluid with
incompressible surfaces. The film tension difference between the film and domains results in the formation of
a rim at the domain boundary and a gradient in film thickness and pressure in the surrounding film. The
material transport due to this gradient lets the domains grow. We present experiments utilizing the thin balance
method to qualitatively confirm the thinning mechanism and to determine material parameters including local
film viscosity of a film composed of 4400 ppm acrylamide/acrylamidomethylpropanesulfonate-copolymer and
0.06 mmol/ l dodecyltrimethylammonium bromide solution. We found a film viscosity of about 60 times the
bulk viscosity, consistent with previous measurement in the same system but using another method.
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I. INTRODUCTION

The rheological properties of confined fluids are of special
interest for modern technology, for example, the develop-
ment of microfluidic and nanofluidic devices, and subject of
basic research within the recent years. In free standing foam
films the liquid is confined on nanometer scale and films
containing micelles �1,2�, colloidal particles �3�, or
polyelectrolyte/surfactant mixtures �4,5� exhibit local order-
ing resulting in a stepwise thinning of the film. The phenom-
enon can be understood in terms of an oscillating disjoining
pressure isotherm �sketch in Fig. 1� such that several meta-
stable film thicknesses can coexist for one applied pressure.
During the film thinning circular spots of a lower metastable
thickness occur, expand and finally cover the whole film
area. Then the process is repeated until the film breaks or a
thin black film remains. Kralchevsky et al. �6� found that the
time evolution of the domain radii follows a power law
R�t�� t1/2 or, in other words, a constant change rate of the
domain area. In some systems at a critical domain radius
satellite droplets are formed �7,8� which is attributed to a
Rayleigh type instability of the rim. In the presence of satel-
lite droplets the behavior of the domain growth dynamics
changes �R�t�� t� �8,9�; subject of the present paper is the
R�t�� t1/2 regime without satellite droplets.

Kralchevsky et al. �6� proposed a diffusive-osmotic
mechanism in order to explain the experimentally observed
R�t�� t1/2 behavior. Within this model the domain formation
is interpreted as a phase transition of low-thickness sites �va-
cancies� and high-thickness sites �spots�, where the domains
represent a vacancy-rich phase and the surrounding film a
vacancy-poor phase. Due to a gradient in chemical potential
at the periphery of the film vacancies are produced at a con-
stant rate, they diffuse inside the film, and nucleate at the
domain and make it grow. The diffusion of vacancies is as-

sumed to be fast, such that the production rate of vacancies at
the periphery governs the dynamics of domain growth and
leads to a total domain phase fraction growing proportional
in time.

The diffusive-osmotic mechanism gives a plain and el-
egant explanation for the observed power law. However, it
does not yield quantitative predictions, such as the influence
of material parameters on the domain expansion dynamics.
Also, experiments presented in the present paper point to-
ward a local mechanism rather than a domination of the film
periphery. Márquez-Beltrán et al. �10� reported an experi-
mental comparison of the growth rates as a function of film
composition. It has been found that the growth rates strongly
depend on the charge and concentration of the surfactant,
indicating a strong variation of local viscosity or structural
forces depending on film composition. For the identification
of confinement effects on viscosity and structural forces a
quantitative theory is necessary. In the next section a local-
diffusive mechanism will be proposed.

II. THEORY

A. Hydrodynamic problem

Commonly thin liquid films are modeled within the lubri-
cation approximation �11�, i.e., with negligible inertia �creep-
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FIG. 1. Sketch of an oscillating disjoining pressure isotherm in
arbitrary units �line�. Films thicknesses with ��

�h �0 are unstable.
For an applied pressure � several metastable film thicknesses can
coexist �gray dots�.

PHYSICAL REVIEW E 73, 051607 �2006�

1539-3755/2006/73�5�/051607�8� ©2006 The American Physical Society051607-1

http://dx.doi.org/10.1103/PhysRevE.73.051607


ing flow limit� and a small film thickness compared to the
lateral extension of film. The assumption of an incompress-
ible monolayer at the two surfaces leads in the case of film
drainage to a no-slip �Poiseuille� boundary condition and is
experimentally well confirmed. Also, experiments in thin liq-
uid films �12� showed a low compressibility of the film sur-
face, which is explained by the limited amount of surfactant
available for transfer. However, experimentally observed
phenomena such as surface waves �13,14� are commonly
modelled by taking surfactant transfer from the surface to
interior of the film into account. In the further treatment we
assume that the film surface is incompressible.

Assume a circular domain of radius R embedded within a
film of equilibrium thickness h� �Fig. 2�. The equilibrium
thickness within the domain is h0�h�, where h�−h0 corre-
sponds to the thickness of one stratum in the stratified film.
The film tension of the thinner film inside the domain is
smaller than of the film outside the domain—the system is
out of equilibrium favoring the thinner film and the film
tension difference �	 acts as a driving force for enlarging
the domain. In the present theory the domain growth dynam-
ics is modeled by the dynamics of material transport in the
film surrounding the domain. The geometry is axially sym-
metric and the film thickness is described by the profile
h�r ,R�, with h�r ,R�=h0 for r�R and lim

r→�

h�r ,R�=h� at in-

finity. The driving force �	 is assumed to result in an in-
crease of the film thickness at the rim h�r=R ,R�=h1, where
h1 is another material constant. Note that the exact shape of
the rim is not known and its determination requires a more
detailed model than the concept of disjoining pressure de-
pending only on the thickness of the film. However, the
shape of the rim close to the domain boundary has no effect
if the material flow through the surroundings dominates the
dynamics. The experimental observation of satellite droplets
is an indication for the existence of the rim.

In the creeping flow limit the Navier-Stokes and the con-
tinuity equations lead to the following expression �11�:

�h

�t
=

h3

12

�P , �1�

where � is the Laplace operator and P denotes the pressure
in the film. Although the film viscosity 
 is expected to de-

pend on the film thickness, as a first approximation 
 will be
assumed constant. For h�h�, with a linear approximation
for the disjoining pressure

P = P0 −
��

�h
�h − h�� , �2�

with P0 the surrounding air pressure, Eq. �1� can be written
as

�h

�t
= −

h3

12


��

�h
�h . �3�

Since generally �h1−h��� �h�−h0� Eq. �3� coincides with a
2D diffusion equation

�h

�t
= D�h , �4�

with the diffusion constant

D = −
h�

3

12


��

�h
. �5�

Note that a similar relation is found for the spreading of flat
droplets on a solid substrate �15�. Equation �5� relates the
unknown viscosity to the disjoining pressure isotherm and
diffusion constant, which can be determined as described
below.

Rewriting Eq. �4� in polar coordinates yields

�h

�t
= D

1

r

�

�r
�r

�h

�r
� . �6�

This differential equation has to be solved for the profile
h�r ,R�t� , t�, while the total volume of material is conserved

�R2�h� − h0� = �
R

�

2�r�h�r,R� − h��dr . �7�

B. Stationary solution for the renormalized profile

Generally, different profiles evolve differently in time. We
are especially interested in stationary profiles, i.e., profiles
which keep their shape in time. Since R is not a constant it is
useful to use the renormalized profile h�r ,R�=h�r /R�=h�x�,
where R plays the role of a scaling parameter. Note that
using this ansatz equation �7� is invariant with respect to a
scale transformation R→R�.

The calculation is performed in Appendix A and one finds
the profile

h =
h1 − h�

Ei�−
C

4D
�Ei�−

C

4D
x2� + h�, �8�

with a constant domain growth velocity C= dR2

dt , and the ex-
ponential integral function Ei. Volume conservation yields a
relation between C and D �see the Appendix�:

h� − h0

h1 − h�

+ 1 = −
4D

C

e−C/4D

Ei�−
C

4D
� . �9�

FIG. 2. Sketch of a growing domain of radius R. The film thick-
ness equals h0 inside the domain and h� at infinity. The film tension
difference between inside and outside �driving force� results in a
rim with height h1. Material is transported �marked by black ar-
rows� from the inside of the domain into the surrounding film
�hatched regions�.
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For the realistic case �h�−h0�
 �h1−h��, Eq. �9� can be
approximated by

h� − h0

h1 − h�

� −
4D

C

1

� + ln
C

4D

, �10�

with �=0.577¯ being the Euler constant, or by

C

4D
�

h1 − h�

h� − h0

0.785

ln
h� − h0

h1 − h�

. �11�

C. Driving force and disjoining pressure isotherm

The disjoining pressure at the rim compensates the aver-
age pressure due to surface tension difference

��h1� − ��h�� = −

�
h0

h�

��h�dh

�
h0

h�

dh

=
�	

h� − h0
, �12�

where the expression

�	 = − �
h0

h�

��h�dh �13�

has been used. With a linear approximation of the disjoining
pressure for small distortions this leads to

h1 − h� =
− �	

h� − h0
	 ��

�h
. �14�

Note that in Eq. �14� the derivative of ��h� as well as its
integral occurs. The disjoining pressure isotherm has there-
fore to be known very well in order to get reasonable pre-
dictions. Experimentally measured disjoining isotherms �16�,
as well as structural forces close to the surface of bulk solu-
tions �17�, can be well described by a damped oscillation,
which is also predicted by semiempirical theories �18�. In the
further treatment we will therefore assume a damped oscil-
lating disjoining pressure isotherm which reduces the num-
ber of material parameters to a minimum. However, the as-
sumption is a potential source of errors and it has to be dealt
as a simplistic mathematical ansatz describing the observed
behavior with as few as possible parameters.

Assume an oscillating disjoining pressure isotherm of the
form

��h� = − A sin�2�h

h̃
+ �0�e−h/h*

, �15�

where A is the amplitude, h̃ is the period, and h* is the decay
length. If ��h� is sufficiently small the period coincides with

the step width h̃�h�−h0 and the film thickness at equilib-
rium h�, respectively, h0 is a linear function of the number of

layers h�= h̃�n−
�0

2�
�, respectively, h0= h̃�n−1−

�0

2�
�. The de-

rivative of ��h� of equilibrium thicknesses therefore reads


 ��

�h



h=h̃�n−
�0
2�

� = − A
2�

h̃
e−�n−�0/2��h̃/h*

. �16�

The surface tension difference between layer n and the do-
main with n−1 layers is obtained by solving the integral �13�
with the disjoining pressure �15�

�	 = −
2�Ah̃

�h̃/h*�2 + �2��2
e−�n−�0/2��h̃/h*

�1 − eh̃/h*
� . �17�

Substituting this into Eq. �14� yields

h1 − h� =
h̃

�h̃/h*�2 + �2��2
�eh̃/h*

− 1� . �18�

It is remarkable that h1−h� does not depend on the ampli-
tude A and, for the assumed isotherm, also not on the layer
number n. The theory can now be applied to experimental
observations.

D. Remarks and qualitative predictions

The relations between expansion velocity C and diffusion
constant D are only valid if the domain is “free” and far
away from the meniscus of the film. The expression

l = R�h� − h0

h1 − h�

�19�

is a characteristic length and corresponds to the radius r at
which deviations from the equilibrium film thickness can be
neglected �h�h��. The presented theory applies only if the
film is sufficient compressible �small − ��

�h , large �h1−h��,
small l�. Then each domain i is expected to grow indepen-
dently from the others with a constant velocity

dRi
2

dt
= const for all i . �20�

The osmotic-diffusive mechanism proposed by Kralchev-
sky et al. �6� predicts a different qualitative behavior: Within
the diffusive-osmotic model the domain expansion dynamics
is governed by material transport through the film periphery
and the domain formation is interpreted as a phase transition.
A gradient in osmotic pressure at the film periphery results in
a constant production rate of vacancies, which diffuse inside
the film and nucleate at the domain. The diffusion is assumed
to be fast such that the vacancy production at the periphery
governs the dynamics of domain expansion and leads to a
constant transport rate of material through the film periphery

dA

dt
= �

i

�
dRi

2

dt
= const. �21�

Here, only for a single domain the R�t�� t1/2 behavior is ex-
pected. If new domains are formed the domain growth ve-
locities of the individual domains is expected to decrease.

Finally, we want to mention a model proposed by de
Gennes and Cazabat �19� in order to describe the dewetting
of stratified polymer melts on solid substrates and potentially
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interesting for the present subject. De Gennes and Cazabat
model the stratification layers of the film by incompressible
2D liquids sliding on each other. It is assumed that dissipa-
tion is governed by friction between the layers. In Appendix
B we show that, independent of the friction mechanism, the
experimentally observed R�t�� t1/2 regime cannot be ex-
plained within this model, which predicts an exponent of the
power law of at least 2 /3.

III. EXPERIMENTAL

The experiments were performed with a thin film balance
using the porous plate technique �20–22�, a porosity of
100 �m has been used. The film was observed by an optical
microscope and the images were videotaped �25 frames
per second�, the film thickness was measured using
the microinterferometric method of Scheludko �23�. We
used a sample solution of 4400 ppm acrylamide/
acrylamidomethylpropanesulfonate-copolymer �PAMPS� and
0.06 mmol/ l dodecyltrimethylammonium bromide �DTAB�.
The polymer, with a number fraction of charged monomers
of 50%, was provided by SNF Floerger and purified using an
ultrafiltration unit with a 20 000 Da cutoff membrane. Also a
sample of 1000 ppm blanose sodium carboxymethylcellulose
12M31P �CMC� and 0.01 mM cetyltrimethylammonium bro-
mide �CTAB� was used. The CMC has been supplied by
Aqualon Hercules �minimum purity of 99.5% related to dry
matter: carboxyMC is known to be highly hydrated� and
used without further purification. The substitution degree
�average number of carboxymethyl groups per glucose unit�
is 1.23. The surfactants have been purchased from Aldrich
and recrystallized three times from acetone-ethanol solution
�24:1� before usage. The surfactant concentration was chosen
such as to avoid the presence of surfactant-polymer aggre-
gates in the solution �surfactant concentration below the
critical aggregation concentration�. The polymer concentra-
tion is above C*, the overlap concentration of chains, and the
solution is semidilute; the polymer chains form a network of
mesh size �, unaffected by the presence of surfactant. In this
case, film stratification is associated to the network, and not
to the presence of micelles. The elementary step of stratifi-

cation h̃ was found equal to � in good approximation �24�.
Although there are no polymer surfactant aggregates in bulk,
the two species aggregate at the film surfaces, allowing the
film to be stable �without polymer, the surfactant solutions
are so dilute that the films are unstable�. The mixed surfac-
tant polymer surface layer is extremely thin, of the order of
2 nm, because the polymer adsorbs in a flat configuration
�25�.

A. Hydrodynamic mechanism and domain growth velocities

Figure 3 shows the square of the domain radius versus
time in the 2→1 layer of PAMPS-DTAB. The domains are
relatively small compared to the film size and separated �im-
age�, the rim is not visible. The domain growth velocity is
roughly constant for all the domains while the total area
change rate increases stepwise when new domains are
formed. If the domain is close to the meniscus, as in a

CTAB-CMC system shown in Fig. 4, the periphery influ-
ences the domain growth dynamics and the growth rate in-
creases with the size of the domain. This behavior cannot be
explained by the diffusive-osmotic model where the produc-
tion rate of vacancies at the periphery should be unaffected
by structural properties of the interior.

The measured values of domain growth velocities in
PAMPS-DTAB are � dR2

dt
�
2→1= �8.9±0.5� �m2/s in the 2→1

layer and � dR2

dt
�
3→2= �10.26±1.0� �m2/s in the 2→3 layer

�in CMC-CTAB the domain growth velocity increases from
35 to 90 �m2/s�. Stratification is observed also for thicker
films. However, since domains are formed very close to each
other and coalesce often it was not possible to measure the
domain growth velocity. From film observation one can only

state that it is slower than in the thinner films. The period h̃
is found to be �20 nm.

B. Determination of the diffusion constant D
and decay length h*

The domain growth velocities at two different film thick-
nesses determine the unknown decay length h*. Since the

FIG. 3. Domain growth in the 2→1 layer of a film composed of
PAMPS-DTAB solution. The domains are small compared to the
film radius and relatively isolated �image right�. The graph shows
the square of the domain radii versus time �solids� and repective
linear fits �lines�. Also shown is the total change in domain area
within the film �open circle� with arrows marking the times when
new domains appear. The bar represents 100 �m.

FIG. 4. Domain growth in the 2→1 layer a of film composed of
CTAB-CMC solution. The graph shows the square of the domain
radius versus time and a remarkable increase of the growth rate in
time. In this example the growth is governed by local diffusion as
well as the film periphery.
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left-hand-side of Eq. �9� is a constant �18� and the right-hand
side depends only on D /C, for different layers also the ratio
D /C has to be equal. Namely, for the two measured domain
growth velocities

D2→1

C2→1
=

D3→2

C3→2
. �22�

Substituting Eqs. �5� and �16� into this equation yields

23

C2→1
e−2h̃/h*

=
33

C3→2
e−3h̃/h*

�23�

and finally

h̃

h* = − ln� 8

27

C3→2

C2→1
� � 1.07. �24�

Plugging this into Eq. �18� yields

h1 − h� � 0.047h̃ . �25�

This means that at the rim of the domain the film thickness

increases by 5% �with respect to thickness of one layer h̃�,
which is a quite reasonable result. Plugging this into Eq. �9�
yields the diffusion constants D2→1�184 �m2/s and D3→2
�212 �m2/s.

With the amplitude A of the disjoining pressure isotherm
the viscosity can easily be determined using Eq. �5�. Before
the amplitude �and the contact angle with the meniscus� is
obtained by evaluation of the film size we want to check the
consistency of the obtained results by a direct measurement
of the diffusion constant.

C. Direct measurement of the diffusion constant

Figure 5 shows an event where a bright spot, a micron-
sized droplet from the surrounding air, spreads into the film.

The width of the spot, i.e., the mean square deviation 	2,
can be directly determined by image analysis:

	2 =
� �h�r� − h��r2dr

� �h�r� − h��dr

, �26�

where r denotes the distance from the center of the spot and
h�r� is obtained by averaging h�r ,�� along a circle. The
result is shown in Fig. 6.

The time dependence is linear with a slope of
�766±28� �m2. With the equation

	�t�2 = 4Dt �27�

one finds for the diffusion constant D2→1= �192±7� �m2/s.
The agreement with the diffusion constant determined before
�184 �m2/s� is excellent.

D. Contact angle � and amplitude A by film size measurement

The contact angle � between the film and the meniscus is
determined by the force equilibrium

cos � =
	

2	0
, �28�

where 	0 is the bulk surface tension; it equals 55.6 mN/m
for the investigated PAMPS-DTAB solution. The film ten-
sion can be written as

	 = 	0 +
1

2
�

h

�

����d� �29�

and one finds

cos � = −
�Ah̃

	0��h̃/h*�2 + �2��2�
e−�n−�0/2��h̃/h*

+ 1. �30�

So, the contact angle strongly depends on the amplitude A
and a measurement of � allows its determination. The com-
mon way for measurement of the contact angle described in
literature �26� is by measuring the distance between Newton
fringes at the film-meniscus boundary. However, Newton

FIG. 5. Image of the 2→1 layer composed of PAMPS-DTAB
solution. The bright spot �arrow� broadens in time and finally dis-
appears as shown in the images at the edge �here the contrast has
been increased�. The bars correspond to 100 �m. FIG. 6. Mean square deviation �26� of the event in Fig. 5 in

dependence of time �symbols� and a linear fit �line�. The slope
corresponds to four times the diffusion constant D.
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fringes are resolvable only if the curvature radius of the me-
niscus and contact angle are sufficiently small. In the experi-
ments described here Newton fringes are not resolvable and
another method has to be applied.

Another possibility is to measure the radius of the film �
in dependence of the pressure �sketch in Fig. 7�. The curva-
ture radius Rmen of the meniscus is determined by the Young-
Laplace equation

Rmen =
2	0

�P
, �31�

where �P is the difference between air pressure and the pres-
sure of the bulk solution in the Scheludko cell. One finds for
the contact angle

cos � =
d

4Rmen
+

Rhole − �

2Rmen

�4Rmen
2 − �Rhole − ��2 − d2/4

�Rhole − ��2 + d2/4
,

�32�

where Rhole is the radius of the hole in the Scheludko cell
where the film is formed and d is its thickness.

Since we are interested only in A, rather than using Eq.
�32� direct fitting of the measured ��P0� curve yields results
less vulnerable to noise. For the film radius one finds the
relation

�Rhole − ��2 = −
p

2
±�p2

4
− q , �33�

with

p = 4Rmen
2 �cos � −

d

4Rmen
�2

+
d2

4
− 4Rmen

2 , �34�

q = 4Rmen
2 �cos � −

d

4Rmen
�2d2

4
. �35�

Here, the − gives the meaningful solution.
Figure 8 shows the film radius � in dependence of the

pressure P0. The fits were obtained using Eq. �33�, and sub-
stituting Eqs. �34�, �35�, and �30�, and fitting the amplitude
A. With Rhole=0.69 mm, d=0.9 mm one finds A= �6±1�
�105 Pa, which is compatible to the disjoining pressure iso-
therms measured by Asnacios et al. �24�. Note that the direct
measurement of the disjoining pressure isotherms yields only

information about the stable branches and a lower limit for
the amplitude. The measured amplitude coincides to the con-
tact angles �n=1=6.2� and �n=2=3.7�, which are remarkably
larger than the contact angles measurable using the Newton-
fringe method �6�.

Now, the local film viscosity can be calculated from the
diffusion constant �5� and the derivative of the disjoining
pressure �16�. One finds 
�0.67 Pas �viscosity in bulk
�10.4 mPa s�, which is consistent with former measure-
ments in the same system finding a lower limit of 0.33 Pas
�27�. The increase compared to bulk viscosity �10.4 mPa s�
can be explained by strong interactions between the oppo-
sitely charged polyelectrolyte and surfactant �24�.

IV. RESULTS AND DISCUSSION

We proposed a mechanism of domain growth, were ma-
terial from the interior of the domain is transported by a
diffusive process to the surrounding film. The comparison of
qualitative predictions with other models �diffusive-osmotic
model, and incompressible-layer model� and experiments in
films composed of PAMPS-DTAB and CTAB-CMC yield
the following results.

For isolated bubbles the local-diffusive model correctly
predicts R�t�� t1/2 �so does the diffusive-osmotic model but
not the incompressible layer model�.

For nonisolated �large� bubbles the growth velocity in-
creases in time, as predicted by the local-diffusive model and
the incompressible-layer model �Fig. 4�. Within the
diffusive-osmotic model it is not possible to explain this in-
crease.

Experimentally it was found that, if many isolated
bubbles are present in the same film, they grow indepen-
dently of the number of bubbles with a constant growth ve-
locity �Fig. 3�. This clearly indicates a local mechanism with
no influence of the meniscus �as in the diffusive-osmotic
model� or the distance of the bubble to the film periphery.

The dynamics of domain growth can be described com-
pletely if the disjoining pressure of the investigated system is

FIG. 7. Sketch of the film formed in the Scheludko cell with a
hole radius Rhole and a hole thickness d. The radius of the meniscus
Rmen is determined by the applied pressure �P and the surface
tension 	0 described by the Young-Laplace equation. Measurement
of the film radius � reveals information about the unknown contact
angle �.

FIG. 8. Film radius � in dependence of pressure P0 for PAMPS-
DTAB film with one and two layers �symbols�. The film tension of
the thinner film is smaller leading to a larger contact angle and film
radius. The lines were obtained by fitting the amplitude A to the
data of both film thicknesses using Eq. �33�.
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known. However, since the accuracy of the experimental dis-
joining pressure isotherm is very limited, assumptions have
to be made, and the disjoining pressure isotherm remains as
the largest uncertainty of the model. We assumed a damped
oscillating disjoining pressure isotherm reducing the param-

eters to amplitude A, period h̃, and damping length h*. This
assumption has to be dealt as a simplistic ansatz explaining
the stratification phenomenon with as few as possible param-
eters. The isotherm parameters were measured for PAMPS-

DTAB in the following way: the period h̃�20 nm has been
determined by film thickness measurement using the micro-
interferometric method. Note that the mixed polymer-
surfactant layer at the film surfaces is much thinner, so that
we did not need to take it into account �all the layers were
assumed to have the same thickness�. The damping length h*

can be calculated if the domain growth velocities of at least
two layers of the film are known, in the investigated system
h*�18.7 nm has been found. The amplitude A�6.2
�105 Pa has been determined by contact angle measure-
ments, were the contact angle has been determined by film
size measurement.

Using this parameters the diffusion constant and local vis-
cosity have been determined from the domain growth veloc-
ity. Comparing the so found diffusion constant to the directly
measured value yields a good agreement �184 �m2/s from
domain growth and 192 �m2/s from direct measurement�
and confirms the validity of the applied theory. For the film
viscosity a value of 
�0.67 Pa has been found, which is
consistent with the previously measured lower limit of
0.3 Pa in the same system �27�. In Ref. �27�, the relaxation
dynamics of deformed domain shapes has been analyzed,
and in particular no assumptions about the disjoining pres-
sure isotherm had to be made.

Both approaches to local viscosity yield a consistent pic-
ture and can be applied in future in order to identify confine-
ment effects and their dependence on film compositions.
Which approach will be used can be chosen depending on
the kind and quality of the observed events. In order to apply
the presented method stratification has to observed for at
least two layers and the formed domains must not be too
close. This behavior is frequently observed and we believe
that the presented method can potentially be applied to films
of various compositions.
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APPENDIX A: FILM PROFILE FOR LOCAL DIFFUSIVE
MECHANISM

The profile h�r ,R�=h�r /R�=h�x� is assumed to be sta-
tionary in the sense, that the time evolution always trans-
forms the profile to itself on another scale h�x�→h�x�, while
R�t�→R�t+�t�:


h� r

R
� +

�h

�t
�t�

r,R
= h� r

R + �R
� . �A1�

For small �R and �R
�t → dR

dt one finds

0 =
�h

� r
R

r

R2

dR

dt
+

�h

�t
. �A2�

Using Eq. �6� and rewriting Eq. �A2�, using x=r /R, yields

0 =
r

R2

�h

�x

dR

dt
+ D� 1

rR

�h

�x
+

1

R2

�2h

�x2� �A3�

and finally

0 = h�xR
dR

dt
+ D�h�

x
+ h�� . �A4�

Since h�x� is not explicitly time dependent the domain
growth velocity dR2

dt =C is a constant. The integration can be
performed by separation of the variables

−
dh�

h�
= �Cx

2D
+

1

x
�dx , �A5�

and one finds

h� = c1
e−�C/4D�x2

x
, �A6�

where c1 is the integration constant. Second integration leads
to

h =
c1

2
Ei�−

C

4D
x2� + c2, �A7�

with the integration constant c2 and Ei�x�=�−�
x et

t dt being the
exponential integral function.

The integration constants c1 and c2 are determined by the
boundary conditions h�1�=h1 and lim

x→�

h�x�=h� and one gets

h =
h1 − h�

Ei�−
C

4D
�Ei�−

C

4D
x2� + h�. �A8�

The constant C is determined by the volume conservation
equation �7�. With the substitution �= �r /R�2 one finds

h� − h0

h1 − h�

Ei�−
C

4D
� = �

1

�

Ei�−
C

4D
��d� �A9�

=− Ei�−
C

4D
� −

4D

C
e−C/4D

�A10�

and finally

h� − h0

h1 − h�

+ 1 = −
4D

C

e−C/4D

Ei�−
C

4D
� . �A11�

DOMAIN GROWTH DYNAMICS AND LOCAL VISCOSITY¼ PHYSICAL REVIEW E 73, 051607 �2006�

051607-7



APPENDIX B: FRICTIONAL FORCE OF THE
INCOMPRESSIBLE-LAYER MODEL

Consider a film composed of an incompressible layer slid-
ing on a non moving substrate. The dynamics shall be domi-
nated by friction between layer and substrate and the fric-
tional force density per unit area f shall depend on the local
velocity v in the following way:

f = �v�, �B1�

where � is the friction coefficient and the exponent � de-
scribes the nature of the friction. In the macroscopic regime
for slow motion the frictional force does not depend on the
velocity, i.e., �=0 �Couloumb friction�. On nanoscale other
regimes are possible, so, for example, Stokes friction with
�=1 as proposed by Prandtl �28�.

Let the outflow at the rim of the domain equal C= dR2

dt then
the continuity equation yields for all distances r from the
center of the domain

v�r� =
C

2r
. �B2�

The total frictional force is obtained by integration over the
film area

Ffric = �
R

�

2�r�v�dr = �
R

�

2���C/2��r1−�dr , �B3�

with the film radius �. For an infinite film this frictional force
is finite only if ��2. The surface tension difference �	
results in a driving force proportional to R

Ffric = Fdrive = �	R , �B4�

and for ��2 one finds

C

2
=

RdR

dt
= � �2 − ���	R

2����2−� − R2−���
1/�

�B5�

and

dR

dt
= � �2 − ���	R1−�

2����2−� − R2−���
1/�

. �B6�

For R→� the domain growth velocity diverges and no power
law holds. For 0���2 �physical relevant case� and �
R
the denominator in Eq. �B6� is approximately constant. One
finds

dR

dt
� R−1+1/� �B7�

and after integration

R�t� � t1/�2−1/��. �B8�

The exponent 1
2−1/� is for ��2 always larger than 2/3 and

cannot explain the experimentally observed R�t�� t1/2. For
example, for Stokes friction it equals one and the domain
radius grows linear in time.

For �=2 it can be shown that the exponent equals 2 /3,
and, finally, for ��2 the denominator in Eq. �B6� can be
approximated by −R2−� and one finds

R�t� � t1/�1+1/��. �B9�

Also for ��2 the exponent is at least 2 /3 and the experi-
mental behavior R�t�� t1/2 cannot be explained.
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